A single-server queueing system with general bulk service that alternates stochastically between operational state and failed (or repair) state is considered. The system, when operational, functions as a single-server Poisson queue with general bulk service. When it fails, no service occurs but customers continue to arrive according to a Poisson process; however, the arrival rate is different from that when the system is operational. The durations of the operating periods and repair periods follow exponential and phase-type distributions, respectively. The steady-state probability vector of the number of customers in the queue and the stability condition are obtained using a matrix-geometric algorithmic approach.
Introduction
The server in many queueing systems (e.g., a computer facility) is subject to breakdown. If the server is not replaced or repaired until a breakdown occurs and the breakdowns are unpredictable in nature, then the server is not able to provide uninterrupted service to its customers. It is then necessary to see how the breakdowns affect the level of performance of the system. Avi-Itzhak and Naor' and Gave3 have studied a single-server Poisson queue with server breakdowns. The service and repair times follow a general distribution. The steady-state waiting time distribution and average queue length have been obtained. However, the arrival rate is not dependent on operational state or repair state of the server.
Yechiali and Naor3 have considered a single-server exponential queueing model with arrival rate depending on operational state or breakdown state of the server. The steady-state mean queue length is obtained for a system with infinite capacity. Fond and Ross4 analyzed the same model with the assumption that any arrival finding the server busy is lost, and they obtained the steady-state proportion of customers lost.
Shogan' has dealt with a single-server queueing model with arrival rate dependent on server breakdowns. When the system is operational, it functions as a single-server Poisson queue with Erlang K-distributed service times and when it is not, no service takes place but customers continue to arrive according to a Poisson process with the arrival rate different from that when the system is operational. The operational period and failed period follow exponential and Erlang distributions, respectively. Steady-state waiting time distribution and average queue length have been obtained using the generating function technique.
Neuts and Lucantoni'j have studied a Markovian queueing model with N servers subject to breakdowns and repairs. Shanthikumar7 has analyzed a single-server Poisson queue with service time following a general distribution, time-and operation-dependent server failures, and arrival rate dependent on the state of the server. This paper analyzes an exponential single-server general bulk service queueing model with arrivals depending on server breakdowns. The steady-state probability vec-tor of the number of customers in the queue and the stability condition are obtained using the matrix-geometric method of Neuts.8 Numerical results are also presented when the repair time follows generalized Erlang and hyperexponential distributions.
This model can be fitted into real-life situations. For example, consider a tourist bus in a bus stand, which is subject to breakdown. The customers arrive at the bus stand, form a queue, and are served according to the general bulk service rule. If the bus requires repair while on tour, the tour is disrupted and cannot continue until repairs are completed. During the repair time, the customers continue to arrive at the bus stand but at a lesser arrival rate.
The model
Consider a single-server general bulk service queueing system with the following characteristics:
1.
2.
3.
4.

5.
The system alternates between two states, the operational state and the failed (or repair) state. When the system is in the operational state, it functions as a single-server Poisson queue with general bulk service, i.e., the customers arrive according to a Poisson process with rate 2, and service is done according to the general bulk service rule introduced by Neuts' with rate ,u. When the system fails while providing service to a batch of customers, the service done is lost and begins again as soon as the repair period ends. During the repair period, no service takes place but customers continue to arrive according to a Poisson process with a different rate 1, where ;i, 5 2. The duration of the operating period is exponential with mean I/a, and the duration of the repair period is phase type with m phases.
Phase-type distributions have been introduced by Neuts lo A probability distribution on (0, co) is said to be of phase type, if it is obtained as the distribution of the time until absorption in a finite Markov chain with continuous parameters. Phase-type distributions are nothing but a generalization of the Erlang distribution. In the Erlang distribution, there are m sequential phases, and the repair starts as soon as the mth phase is completed. In a phase-type distribution, there are also m phases but phases may be skipped or repeated and it is not necessary to start with phase 1 and end with phase m.
If the repair period is of phase type, one has the following situation. The repair time starts immediately after a breakdown with probability /Ij in phase j, j = 1, 2 3 . . . . m. During the repair time, the repair process transits from phase i to phase j at a rate tij, i, j = 1, 2,. . . , m. Moreover, while the process is in phase i, the repair time ends at a rate tie, i = 1, 2,. . . , m, and the system becomes operational.
We denote by I, the identity matrix of order n, by 0 the zero matrix of suitable dimension, and by 5 a column matrix of suitable dimension with all its components equal to one. The state (0, j, 0) denotes that the system is in the operational state, j customers are waiting in the queue, and the server is idle. In the state (i, j), i = 0 denotes that the system is in operational state and the server busy, whereas i = 1, 2 ,..., m denotes that the system is at the ith repairing phase and j denotes the number of customers in the queue.
The matrix-geometric procedure requires the generation of all possible states and, subsequently, the generation of the rate matrix Q. The infinitesimal generator of the continuous time Markov chain with the above state space has the following block partitioned structure: 
Following Neuts,' the system is stable if and only if qA,g < bEA,e
i.e., the system is stable if and only if An, + &e < b(/+, + ~1 To)
where 7r1 = [n,, 7r2,. . . , K,,,] . When the duration of the repair period follows the Erlang distribution with mean l//I and shape parameter m, by solving (6), we obtain In this case, the stability condition (7) takes the form
A@ + &a < b/?(p + a) (10)
If there is no breakdown (a = 0), the stability condition (10) reduces to the well-known form
A. < bp (11)
Finally, we have to determine the vectors X0, X1,
x --2,.
. .1_(1' X We define Q* by
We use the following lemma to later solve for the Xi vectors for 0 I i I a -1.
Lemma: Q* is an infinitesimal generator.
Prooj To prove that Q*e = 0, it is sufficient to consider the last row of Q*, as the other rows are identical to that of Q and Q is an infinitesimal generator. 
= (I -R)-'[(I -Rb+')A,g + (I -R)A,g] (13)
Because ( It may be noted that & --, 0 as k + co. For the numerical parameters chosen above, X,,, + 0 and the sum of the steady-state probabilities is found to be 0.9999999979 -N 1.
Following corollary 1 of Latouche and Neuts," the calculation of the matrix R is checked in all the four cases discussed above, using A,e = (If= 1 R') A,e.
